Based on complex stiffness transfer model, the vertical vibration of tapered pile embedded in layered soil is theoretically investigated by considering the compacting effect of the soil layer surrounding the tapered pile in the piling process. Allowing for the stratification of the surrounding soil and variable crosssection of the tapered pile, the pile-soil system is discretized into finite segments. By virtue of the complex stiffness transfer model to simulate the compacting effect, the complex stiffness of different soil segments surrounding the tapered pile is obtained. Then, substituting the complex stiffness into the vertical dynamic governing equation of tapered pile, the analytical solution of vertical dynamic impedance of tapered pile under vertical exciting force is derived by means of the Laplace technique and impedance function transfer method. Based on the presented solutions, the influence of compacting effect of surrounding soil on vertical dynamic impedance at the pile head is investigated within the low frequency range concerned in the design of dynamic foundation.
Introduction
The influence of compacting effect on the bearing capacity of jacked pile is always a focus problem in the field of geotechnical engineering, and many researchers have paid their attention to investigate this problem systematically from two aspects. The one is to study the development process of displacement field affected by compacting effect and the influence of soil parameters on this development process. For instance, Randolph et al. [1, 2] observed the deformation of surrounding soil caused by pile driving process. Luo et al. [3] pointed out that the compacting effect of jacked pile was closely related to the interaction of pile and soil. Lu et al. [4] further indicated that the compacting effect was actually affected by both the vertical pressure applied by pile driver and driving process of jacked pile. Lu et al. [5] obtained the variation law of soil displacements in the horizontal direction and depth direction by means of model test to simulate the piling process. Gong and Li [6] analyzed the mechanical problems of piling process in saturated soft clay and presented a systemic method to investigate the compacting effect of jacked pile. Luo et al. [7] discussed the influence of friction condition of pile and soil interface on the displacement field in piling process. The other one is to investigate the influence of compacting effect on the bearing capacity and sediment of pile. For example, Peng et al. [8] modified the existing load transfer function method by considering the nonlinear properties of soil. Zhang et al. [9] pointed out that the further consolidation of the surrounding soil may lead to larger settlement of pile foundation. As can be seen from the above research results, the compacting effect has a significant influence on the surrounding environment and bearing capacity of pile. Therefore, it is of great realistic significance to reveal the mechanism of compacting effect.
In recent years, the tapered pile has been widely used in engineering due to its good bearing capacity. Therefore, many researchers have investigated the bearing capacity by means of field tests and model tests [10, 11] , theoretical research [12, 13] , and numerical analysis [14] . Although the research on the bearing capacity of tapered pile has been very extensive and in-depth, the investigation on the compacting effect caused by pile driving is still insufficient, especially the influence of compacting effect on the vertical dynamic response of tapered pile. In the existing literature, there are only research results about the influence of compacting effect in pile driving process on the bearing capacity and ground heave presented by He et al. [15] . When investigating the vertical dynamic response of pile, there are three kinds of modeling methods for pile, that is, circular cross-section pile with finite length [16] , pile with variable section impedance [17] , and circular uniform viscoelastic pile [18] . The vertical dynamic response of tapered pile is only studied by Wu et al. [19] and Cai et al. [20] by taking into account its variable section property. For the interaction models of pile and surrounding soil, there are four main models, that is, the dynamic Winkler model [21] , plane strain model [22, 23] , three-dimensional continuum model not considering the radial displacement [24] , and three-dimensional continuum model taking into account true three-dimensional wave effect of soil [25] . In order to consider the construction effect of pile, the complex stiffness transfer model is proposed [26, 27] . It can be seen that the research on the vertical coupling vibration of pile and soil varies broadly in complexity. However, the research on vertical dynamic response of tapered pile is still insufficient.
In light of this, in order to extend the application of tapered pile, this paper has introduced the complex stiffness transfer model [27] to simulate the radially inhomogeneous property of surrounding soil caused by compacting effect. Then, an analytical solution of vertical dynamic impedance at tapered pile head is derived. Based on this solution, the influence of compacting effect on the vertical dynamic impedance at the tapered pile head is studied in detail.
Mathematical Model and Assumptions

Computational Model.
The problem studied in this paper is the vertical vibration of tapered pipe embedded in layered soil when the compacting effect is taken into account. The schematic of pile-soil interaction model is shown in Figure 1 .
( ) represents the harmonic force acting on the pile head. The modeling process of tapered pile can be seen in [19] , where = + ( / )( − 1) tan denotes the radius of the th tapered pile segment. , , and denote the length, cone angle, and pile end radius of tapered pile, respectively. , , and represent the density, elastic longitudinal wave velocity, and cross-sectional area of the th tapered pile segment, respectively. The thickness of the th soil layer is denoted by , and the depth of the top surface of the th soil layer is denoted by ℎ . The tapered pile segment can be assumed to be cylinder, and the properties of pile are assumed to be homogeneous within each segment when the segment length is small enough [19] , but may vary from segment to segment.
As can be seen from the existing results, the pile surrounding soil is compacted in the piling process. This compaction may strengthen the shear modulus of surrounding soil or change the density of surrounding soil, which causes the radial inhomogeneity of surrounding soil of tapered pile. The specific modeling process can be shown as follows: the surrounding soil is divided into two annular zones, an outer semi-infinite undisturbed zone and an inner disturbed zone of width . The outer zone medium is homogeneous, isotropic, and viscoelastic with frequency independent material damping. In order to consider the compacting effect, the inner zone is further divided into thin concentric annular subzones numbered by 1, 2, . . . , , . . . , , and the outer radius of the th subzone within the th soil layer is denoted by , . The soil medium of each subzone is assumed to be homogeneous. The dynamic shear interaction on the interface of the th surrounding soil layer and tapered pile segment shaft is described by vertical shear complex stiffness ,1 , which can be obtained by means of complex stiffness transfer model.
Underlying Assumptions.
The pile-soil model is developed on the basis of the following assumptions.
(1) The tapered pile is viscoelastic and vertical with a variable circular cross-section, and the radius decreases linearly along the pile length direction. The support at the bottom of the tapered pile is viscoelastic. (2) The surrounding soil is isotropic linear viscoelastic medium with a hysteretic-type damping regardless of the frequency, and it has a perfect contact with the tapered pile during vibration. The support at the bottom of the surrounding soil is also viscoelastic. (3) The surrounding soil is infinite in the radial direction, and its free top surface has no normal or shear stress. (4) The dynamic stress of surrounding soil transfers to the outer shaft of tapered pile through the complex stiffness on the contact interface of pile-soil system.
Governing Equations and Their Solutions
Dynamic Equation of Soil and Its Solution.
The dynamic equilibrium equation of the th subzone within the th soil layer undergoing vertical deformation can be expressed as
where , = /V s , √1 + s , , V s , denotes the shear wave velocity of the th subzone within the th soil layer and satisfies the equation,
s , , and , = , ( ) denote the density, shear modulus, material damping, and vertical displacement of the th subzone within the th soil layer, respectively. denotes the circular frequency which satisfies the equation, = 2 , and is the general frequency.
The general solution of (1) can be expressed as
where 0 (⋅) and 0 (⋅) denote the modified Bessel functions of order zero of the first and second kinds, respectively. , and , are undetermined constants which can be obtained by means of boundary conditions. 
(1) Vertical Shear Complex Stiffness at the Interface of InnerOuter Zones.
In the outer semi-infinite undisturbed zone, the vertical displacement diminishes as approaches infinity so that , = 0. Thus, using the same method as proposed in [27] , the vertical shear complex stiffness at the interface between the inner and outer zones can be derived as follows:
where , = /V , √1 + , , V s , denotes the shear wave velocity of the outer semi-infinite undisturbed zone within the th soil layer. s , * = s , (1 + s , ). 1 (⋅) denotes the modified Bessel function of order one of the second kind.
(2) Vertical Shear Complex Stiffness of the Inner Zones. Since the vertical shear complex stiffness of surrounding soil is defined as the ratio of the vertical shear force to the vertical displacement at the same position, for the th subzone within the th inner soil layer, the vertical shear complex stiffness at the outer boundary of the th subzone ( = , ), namely, , , can be easily derived from (2) and can be expressed as
where , and , are undetermined constants of the th subzone within the th inner soil layer. 1 (⋅) denotes the modified Bessel function of order one of the one kind. Then, (4) can be rewritten as follows
.
In the same manner, the vertical shear complex stiffness at the outer boundary of the ( − 1)th subzone ( = , −1 ) can be derived as
Substituting (5) into (6), , −1 can be further rewritten as follows
where
By now, the recursion formula of the vertical shear complex stiffness of the inner zone has been derived in a closed form. Then, according to the stiffness of the outer zone as presented in (3) and the recursion formula (7), it is easy to obtain the vertical shear complex stiffness of the inner disturbed zones.
Dynamic Equation of Tapered Pile and Its Solution.
Denoting ( , ) to be the vertical displacement of the th pile segment, the frictional force of the th soil layer acting on the surface of the th pile segment shaft can be expressed as ( , ) = ,1 ( , ). Then, the dynamic equation of the th pile segment can be derived as
where , = 2 , , and denote the elastic modulus, cross-section area, mass per unit length, and viscous damping of the th pile segment, respectively.
Boundary conditions at the top and the bottom of tapered pile can be expressed as
where and represent the distributed spring and damping coefficient in unit area at the bottom of the tapered pile, respectively. The value of and can be obtained using the following equations [28]
where , , , and denote the density, shear wave velocity, Poisson's ratio, and pile end radius of tapered pile, respectively.
Continuity conditions of the interface of the adjacent tapered pile segments can be founded as
Initial conditions of the tapered pile segments can be founded as
− dt to be the Laplace transform of ( , ) with respect to . Combining (9) with the initial conditions (13) and applying the Laplace transform yield
where , , and denote the longitudinal wave velocity, density, and elastic modulus of the th tapered pile segment, respectively, and = 2 . is the Laplace transform constant which should satisfy = during the numerical analysis.
It is not difficult to obtain that the general solution of (14) which can be expressed as
sionless eigenvalue. and are complex constants which can be obtained from boundary conditions. = / denotes the propagation time of elastic longitudinal wave in the th pile segment.
Taking into consideration the boundary conditions, the displacement impedance function at the head of the th pile segment can be expressed as
( −1) is the displacement impedance function at the head of the ( − 1)th pile segment, which can be obtained by virtue of the boundary conditions. Then, following the method of recursion typically utilized in the transfer function technique [18] , the displacement impedance function at the head of tapered pile can be derived as
where = arctan ( ( −1) / (1 + ( / ) )). As shown in (18) , the displacement impedance function can be further rewritten in terms of its real part and imaginary part which represent the dynamic stiffness and damping, respectively. And the dynamic stiffness and damping reflect the ability to resist the vertical deformation and the energy dissipation
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Analysis of Vibration Characteristics
In order to focus on the influence of compacting effect on the dynamic response of tapered pile, the surrounding soil is set to be homogeneous in the following analysis. For practical engineering, it only needs to discretize the surrounding soil into finite layers according to the actual conditions. Parameters used here are as follows: length, density, elastic longitudinal wave velocity, pile end radius, and material damping of tapered pile are 10 m, 2500 kg/m 3 , 4000 m/s, 0.3 m, and 0, respectively. As shown in [19] , it is worth noting that the calculation results may be convergent if the number of the pile segment is more than = 200. Therefore, in the following section, the tapered pile is divided into 200 segments with the same length.
Influence of the Number of Inner Disturbed Zone on the
Vertical Dynamic Impedance at the Pile Head. Because the core idea of this paper is using the complex stiffness transfer model to simulate the radial inhomogeneity of surrounding soil caused by compacting effect, it needs to discuss the influence of the number of inner disturbed zone on the calculation results. Parameters used here are as follows. The coneangle of tapered pile is = 2 ∘ . The shear wave velocity of surrounding soil from outer undisturbed zone to inner disturbed zone increases linearly from 150 m/s to 200 m/s. The density of surrounding soil is 2000 kg/m 3 and the width of inner disturbed zone is = , respectively. The number of inner disturbed zone are = 2, 5, 10, 15, 20, 50, 100. Figure 2 shows the influence of the number of inner disturbed zone on the vertical dynamic impedance at the pile head. As shown in Figure 2(a) , it can be observed that the dynamic stiffness increases as the frequency increases at first, but when the frequency exceeds a certain value, the dynamic stiffness may decrease with the increase of frequency. As shown in Figure 2(b) , it can be noted that the dynamic damping may increase linearly with the increase of frequency when it is beyond 5 Hz. It can also be seen from Figure 2 that the computational results may be convergent when the number of inner disturbed zone is big enough for the computational curves tend to be convergent. By repeatedly calculating for different cases, all the computational results may be convergent when ≥ 20. Therefore, unless otherwise specified, the number of inner disturbed zone is set to be = 20 in the following analysis.
Influence of the Coneangle of Tapered Pile on the Vertical
Dynamic Impedance at the Pile Head. In this section, the influence of coneangle on the vertical dynamic impedance at the pile head is studied in detail by taking into account the compacting effect. Parameters used here are as follows: the shear wave velocity, density of surrounding soil, and the width of inner disturbed zone are the same as those shown in Section 4.1. The coneangle of tapered pile are = 0 ∘ , 0.3 ∘ , 0.5 ∘ , 1 ∘ , 1.5 ∘ , and 2 ∘ . Figure 3 shows the influence of coneangle of tapered pile on the vertical dynamic impedance at the pile head within the low frequency range concerned in dynamic foundation design. As shown in Figure 3(a) , the dynamic stiffness increases with the increase of frequency when the coneangle is small (i.e., ≤ 1 ∘ as shown in this example). However, when the coneangle is big enough (i.e., > 1 ∘ as shown in this example), it can be seen that the dynamic stiffness increases with the increase of frequency at first, but the dynamic stiffness may decrease as the frequency increases when the frequency exceeds a certain value. It can also be noted that the dynamic stiffness increases as the coneangle increases at low frequencies, whereas at high frequencies the dynamic stiffness decreases with the increase of coneangle. This means that increasing the coneangle can improve the ability to resist vertical deformation of tapered pile within a certain low frequency range when other design parameters of tapered pile remain unchanged. Nevertheless, if the frequency is big enough, the ability to resist vertical deformation of tapered pile cannot be improved by simply increasing the coneangle. As shown in Figure 3(b) , it can be observed that the dynamic damping may increase linearly with the increase of frequency when it is beyond 5 Hz. It can also be noted the dynamic damping increases as the coneangle increases for the same frequency, which shows that the stress wave energy propagating in the tapered pile may decay more quickly as the coneangle increases.
Influence of the Compacting Range on the Vertical Dynamic Impedance at the Pile Head.
The compacting range of surrounding soil is affected by the design parameters of tapered pile, construction technology and properties of surrounding soil, and so on. So, it needs to discuss the influence of compacting range on the vertical dynamic impedance at the pile head. Parameters used here are as follows: the coneangle of tapered pile is = 2 ∘ . The shear wave velocity and density of surrounding soil are the same as those shown in Section 4.1. The width of inner disturbed zone are = 0, 0.5 , 1 , 1.5 , 2 , and 2.5 . Figure 4 shows the influence of compacting range on the vertical dynamic impedance at the pile head within the low frequency range concerned in dynamic foundation design. As shown in Figure 4(a) , when the compacting range is small (i.e., ≤ 2 as shown in this example), the dynamic stiffness increases as the frequency increases within low range, whereas the dynamic stiffness deceases if the frequency is beyond a certain value. However, it can be seen that the dynamic stiffness increases with the increase of frequency when the compacting range is big enough (i.e., > 2 as shown in this example). It can also be seen that the dynamic stiffness increases with the increase of compacting range at low frequencies. When the frequency exceeds a certain value, the dynamic stiffness increases with the increase of the compacting range at first and then decreases as the compacting range further increases. As shown in Figure 4(b) , it can be noted the dynamic damping increases as the compacting range increases for the same frequency, which means that the stress wave energy propagating in the tapered pile may decay more quickly as the compacting range increases.
In order to investigate the influence of compacting range on the vertical dynamic impedance at the pile head more detailedly, it needs to discuss the influence of compacting range changing within smaller scale on the vertical dynamic Figure 5 shows the influence of compacting range changing within smaller scale on the vertical dynamic impedance at the pile head within the low frequency range concerned in dynamic foundation design. As shown in Figure 5 (a), it can be seen that the dynamic stiffness increases with the increase of compacting range at low frequencies, but the increase ratio is small. When the frequency is beyond a certain value, the dynamic stiffness decreases as the compacting range increases. As shown in Figure 5(b) , it can be seen that the influence of compacting range changing within smaller scale on the vertical dynamic impedance is the same as that when the compacting range changes within bigger scale.
Influence of the Compacting
Degree on the Vertical Dynamic Impedance at the Pile Head. Parameters used here are as follows: the coneangle of tapered pile is = 2 ∘ and the width of inner disturbed zone is = . Denote shear wave velocity ratio to describe the compacting degree; that is, represents the ratio of the shear wave velocity of inner disturbed zone to that of outer undisturbed zone. The shear wave velocity of outer undisturbed zone is 150 m/s, and the shear wave velocity ratio are = 1, 1.2, 1.4, 1.6, 1.8, and 2. The other parameters are the same as those shown in Section 4.1. Figure 6 shows the influence of compacting degree on the vertical dynamic impedance at the pile head within the low frequency range concerned in dynamic foundation design. As shown in Figure 6 (a), it can be seen that the dynamic stiffness increases as the compacting degree increases at low frequencies, whereas at high frequencies the dynamic stiffness decreases with the increase of compacting degree. As shown in Figure 6 (b), it can be seen that the dynamic damping increases as the compacting degree increases, but the increase ratio decreases as the compacting degree increases. The result shows that the stress wave energy propagating in the tapered pile may decay more quickly as the compacting degree increases.
Conclusions
(1) When the frequency changes within a low range, the ability to resist vertical deformation of tapered pile can be improved by increasing the coneangle of tapered pile. However, if the frequency exceeds a certain value, the ability to resist vertical deformation of tapered pile cannot be improved by simply increasing the coneangle of tapered pile. Within the low frequency range concerned in dynamic foundation design, the ability to resist vertical vibration of tapered pile can be improved by increasing the coneangle of tapered pile.
(2) When the frequency varies within a low range, increasing the compacting range of surrounding soil can improve the ability to resist vertical deformation of tapered pile. However, if the frequency is beyond a certain value, increasing the compacting range within smaller scale may weaken the ability to resist vertical deformation of tapered pile, but increasing the compacting range within bigger scale may weaken the ability to resist vertical deformation of tapered pile at first and then improve the ability to resist vertical deformation of tapered pile when the compacting range is big enough. Within the low frequency range concerned in dynamic foundation design, increasing the compacting range of surrounding soil can improve the ability to resist vertical vibration.
(3) When the frequency varies within a low range, increasing the compacting degree of surrounding soil can improve the ability to resist vertical deformation of tapered pile. However, if the frequency is beyond a certain value, increasing the compacting degree of surrounding soil may weaken the ability to resist vertical deformation of tapered pile. Within the low frequency range concerned in dynamic foundation design, increasing the compacting degree of surrounding soil can improve the ability to resist vertical vibration.
